We consider a cellular OFDMA relay link consisting of a base station (BS), an infrastructure-based amplify-and-forward relay node (RN) and N active mobile user equipments (UEs). We study how to optimally pair the BS-RN subcarriers with the RN-UE subcarriers when the K subcarriers in the RN-UE channel are assigned for the UEs using round robin scheduling. The main contribution is to analyze the performance of the system by deriving closed-form expressions for average end-to-end SNR and capacity. The calculated measures facilitate performance evaluation that illustrates the benefit of channel-adaptive subcarrier pairing over fixed pairing.
INTRODUCTION
Wireless relay is a transceiver that receives a signal from a source node and after processing the signal forwards it to a destination node. Two-hop communication via a relay has been found beneficial for extending coverage areas or enhancing hotspot capacity in cellular networks. Usually signal processing in relays is categorized into amplify-and-forward (AF) and decode-and-forward (DF) relaying protocols. In this paper, we study the simpler AF protocol with operation that does not require concurrent transmission and reception on the same channel. Thus, dedicated time or frequency channels are allocated for source-relay and relay-destination transmission.
In downlink OFDMA the data for different destination nodes is transmitted in parallel on different orthogonal subcarriers. The subcarrier assignment between destination nodes is called scheduling. In relay-assisted downlink communication the scheduling task becomes two-fold: First the scheduler has to decide which destination node listens to which second-hop subcarriers and then the first-hop subcarriers have to be assigned for transmitting the data to the relay. In this paper, we concentrate on the latter task, i.e., on how to pair the first-hop subcarriers with the second-hop subcarriers when the second-hop scheduling has already been decided. Based on literature and the results presented in this paper, channeladaptive subcarrier pairing can bring performance gain over fixed or random subcarrier pairing as expected.
To our knowledge, subcarrier pair selection in an OFDM relay has been first mentioned in [1] , where Hungarian algorithm is used for sub-optimal joint power allocation and subcarrier assignment. The exact optimal subcarrier assignment scheme considered in this paper was first introduced by Hottinen et al. in [2] . Slightly later the scheme was independently discussed by Hammerström et al. in [3] , and Herdin proposed [4] a chunk-based pairing strategy that creates significantly less overhead when signaling subcarrier pair mapping to a single destination. In [4] optimality of the pairing strategy was proven in a special case assuming that the received signal in the relay is noise-free. Full optimality proof for general AF relaying was first presented in [5] .
Furthermore, the subcarrier pairing scheme has been considered along with power allocation for amplify-and-forward OFDM [6] and MIMO-OFDM [3, 7] relay links as well as for DF relays [8] . Also joint subcarrier pairing and relay selection with multiple parallel AF relays has been studied in [9] . In [10] a new pilot design was introduced for mitigating the effect of destroyed correlation between reordered subcarrier chunks. Recently, the subchannel pairing scheme was extended for uplink OFDMA relaying [11] with distributed scheduling and power allocation.
So far performance of subcarrier pairing has only been analyzed by simulations and often only with a single sourcedestination pair. In this paper, we first introduce the pairing scheme for a multi-user downlink OFDMA relaying system similar to the uplink system in [11] . Then, we study the performance of the scheme by deriving closed-form expressions for average end-to-end signal-to-noise ratio (SNR) and capacity. The calculated measures are used for performance evaluation that illustrates the benefit of channel-adaptive subchannel pairing. We also study the performance of pairing when some subcarriers are punctured due to interference or congestion as discussed in [2, 5] .
The rest of the paper is structured as follows. In Section 2, we present the system model of the cellular OFDMA relay link with subcarrier pairing. Closed-form performance measures are derived in Section 3, and the performance is evaluated in Section 4. The last section concludes the paper.
SYSTEM MODEL
We consider a (1×1×N ) cellular OFDMA relay link that consists of a base station (BS), a fixed infrastructure-based relay node (RN) and N active mobile user equipments (UEs). The system is illustrated in Fig. 1 . The relay operation allocates two orthogonal time or frequency channels of K subcarriers: one for BS-RN communication and one for RN-UE communication. The N UEs (N ≤ K) share the RN-UE channel based on centralized round robin scheduling that assigns one or more OFDM subcarriers for each UE's data. For simplicity, we assume that no multicast data is transmitted, i.e., every occupied subcarrier is received by one UE.
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Fig. 1. Schematic of a two-hop OFDMA relay link with a base station (BS), a relay node (RN) and N active user equipments (UEs). The subcarrier SNRs are denoted by γ variables. The relay amplifies all K received subcarriers to guarantee constant transmit power, and then forwards the kth subcarrier of the BS-RN channel on the lth subcarrier of the RN-UE channel. In this example case, the 1st UE is scheduled to receive only the 2nd subcarrier, the 2nd UE receives two subcarriers, and the N th UE receives three subcarriers.
In the rest of the paper, we assume that the OFDM cyclic prefix and the channel coherence time are sufficiently long, and all nodes have perfect frequency and time synchronization. Thus, all subcarriers are orthogonal and subject to flat fading. Noise is assumed to be white and Gaussian. We consider then for simplicity only the parallel frequency-domain subcarriers without presenting the actual time-domain signal.
The relay communication model contains two hops:
1. In the first hop, the base station transmits an OFDM symbol of K subcarriers to the relay node. The instantaneous SNR on the kth subcarrier of the BS-RN channel is denoted by γ SR [k] and for convinience we sort the SNRs in descending order, i.e.,
In the system, BS and RN are fixed nodes and the channel between them varies very slowly if at all. However, it is not necessarily a line-of-sight link, but a multipath channel. Thus, it is reasonable to assume that the BS-RN channel is frequency-selective and static, i.e., the instantaneous subcarrier SNR is equal to the average subcarrier SNR:
for all k, where E is the expectation operator. 
} is the average subcarrier SNR. Thus, the distribution of every γ RD [l] is defined by the probability density function (PDF)
We assume that slow power control is employed for balancing the average RN-UE subcarrier SNRs to the same level for every subcarrier and UE. Different quality of service requirements among the UEs may be satisfied by varying the number of subcarriers allocated for each UE. Furthermore, we assume that instantaneous subcarrier SNRs are mutually independent. The assumption is reasonable, because correlation between subcarriers allocated for different UEs is rather small, and a good scheduling policy minimizes the correlation between multiple subcarriers allocated for a single UE to get full diversity benefits from frequency selectivity.
Given the instantaneous source-relay SNR γ SR and the instantaneous relay-destination SNR γ RD , the instantaneous end-to-end SNR γ in a single-carrier amplify-and-forward relay link is well-known in literature, e.g. [12, Eq. 13]:
Thus, based on (1) and (5) with subcarrier reassigning in a cellular amplify-and-forward OFDMA relay link, the instantaneous end-to-end SNR is given by
for a signal that is transmitted on the kth subcarrier in the BS-RN channel and on the lth subcarrier in the RN-UE channel.
Optimal Pairing Strategy
Without proving optimality here, we state that the optimal assignment strategy pairs the BS-RN subcarrier having the kth largest SNR with the RN-UE subcarrier having the kth largest SNR for all k = 1, . . . , K. The proposition that this pairing strategy maximizes both sum of SNRs and sum capacity over all subcarriers (and likewise mean SNR and mean capacity over subcarriers) has been proved in [5] .
The optimal subcarrier mapping is denoted by bijection l = v * [k] being the index of the kth largest instantaneous RN-UE subcarrier SNR. With the notation used in this paper, a relay employing the optimal subcarrier pairing forwards the kth subcarrier of the BS-RN channel on the v * [k]th subcarrier of the RN-UE channel.
Subcarrier pairing could be used together with optimized power allocation which would give additional performance improvement. However, in this paper we assume uniform power allocation which is sufficient for capturing the effect of subcarrier pairing in our mathematical analysis. As shown in [6, Fig. 5 ] by simulations, the gain of optimal subcarrier pairing over fixed pairing is similar with various different power allocation strategies, including uniform power allocation. Furthermore, the analysis conducted in this paper can be exploited with any BS power allocation that adapts to the BS-RN channel, because it only changes the fixed BS-RN subcarrier SNRs.
PERFORMANCE ANALYSIS
In this section, we derive closed-form expressions for average end-to-end SNR and capacity in the amplify-and-forward OFDMA relay link. Both fixed and optimal subcarrier pairing strategies are considered.
Fixed Subcarrier Pairing
Any fixed subcarrier permutation in the relay results in the same average performance. For clarity, we assume that the fixed pairing is v[k] = k, and denote γ[k] = γ[k, k] for the instantaneous end-to-end SNR of the signal that is transmitted on the kth BS-RN subcarrier with fixed pairing. The instantaneous end-to-end SNR is given by (6) and the PDF of the RN-UE subcarrier SNR is given by (4) . Thus, by exploiting a transformation of random variables with
the PDF of the instantaneous end-to-end SNR becomes
Average end-to-end SNRγ[k] of the signal that is transmitted on the kth BS-RN subcarrier is expressed as an integral over the PDF. Thus, by exploiting the calculations (28)-(31) in Appendix, we get
where E 2 is the exponential integral [13, Eq. 5.1.4] restated in (27). Similarly, capacityC[k] of the signal that is transmitted on the kth BS-RN subcarrier is determined by the integration which is solved in (32)- (35) at Appendix. Thus,
The pre-log factor 1 2 is due to the two allocated orthogonal channels.
Optimal Subcarrier Pairing
With optimal pairing the kth BS-RN subcarrier is paired with v * [k]th RN-UE subcarrier. Thus, we denote that γ
is the instantaneous end-to-end SNR of the signal that is transmitted on the kth BS-RN subcarrier with optimal subcarrier pairing.
We can use the following result from order statistics [14] 
By substituting (3) and (4) into (18), and after binomial expansion and simplification, we get 
After having established the compact sum-form expression in (20) for the PDF of the instantaneous end-to-end SNR, we can determine the desired performance measures with the aid of the integrals calculated in Appendix. The average endto-end subcarrier SNR is defined bȳ
This integral can be solved using (28)-(31) and the resulting average end-to-end SNR is given in (22) located at the top of the next page. The subcarrier capacity is given bȳ
which is calculated by exploiting (32)-(35). The resulting capacity expression is shown in (24) at the top of the next page.
DISCUSSION
In this section, we first describe the OFDMA parameters and the BS-RN channel model of the example system setup in which fixed and optimal subcarrier pairing schemes are then compared with full and partial system load and with puncturing of subcarriers.
Example System Setup
In the following, we study the subcarrier pairing scheme in a downlink OFDMA transmission system that is based on Release 7 documentation [15] of 3rd Generation Partnership Project (3GPP): The transmission bandwidth is 10 MHz consisting of 9 MHz data and 1 MHz guard bands. With the sampling frequency 15.36 MHz and FFT size 1024, 600 subcarriers are occupied. In practice, it is not feasible to implement pairing (nor scheduling) on a subcarrier basis due to signaling and channel estimation overhead. Instead, subcarriers would be grouped into chunks of consecutive subcarriers that are assigned as single entities. As shown in [4] , subcarrier pairing on a chunk basis can achieve nearly the same gain as pairing on a subcarrier basis while decreasing considerably signaling overhead. In our performance evaluation, we assume that the subcarrier chunks are the physical resource blocks (RBs) of 3GPP Release 7 baseline proposal [15] in which each 375 kHz physical RB consists of 25 consecutive subcarriers for the 6 or 7 consecutive OFDM symbols in a subframe. Thus, the total number of resource blocks is K = 24.
To model the BS-RN channel, we assume that a relay observes a single fixed (or very slowly varying) snapshot of a frequency selective multipath channel. The channel profile is adapted from the WINNER project documentation [16] which provides several alternatives for modeling fixed BS-RN feeder links in the frequency range 2-6 GHz. For performance evaluation, B5f non-line-of-sight (NLOS) rooftop-tobelow rooftop channel model is selected. Thus, the channel impulse response consists of 10 Rayleigh fading taps with the power delay profile shown in Table 1 .
We assume that the channel is approximately flat over each RB and the SNR valueγ SR [k] is measured at the center of the kth RB. The RB SNRs are sorted in descending order to comply with the notation used for mathematical analysis. Throughout this section, we set the mean SNRγ SR of all BS-RN RBs to 20dB. To generalize evaluation for all different relay locations and to avoid selecting a very optimistic or pessimistic snapshot, we apply an average sorted channel for evaluation. The average BS-RN channel is illustrated in Fig. 2 along with 10 example snapshots. The performance of some snapshots was also evaluated and the results were similar to that of the average channel, but the performance plots are omitted in this paper. 
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Benefit of Subcarrier Pairing
We assume that the RN-UE RBs are assigned based on round robin scheduling. Therefore, every BS-RN and RN-UE subcarrier is equally likely assigned to any UE and the performance any active UE observes in the long run is the mean performance of all occupied RBs. In the following, we assume that M of all K RBs are occupied and the corresponding system load factor is given by λ = M K . With fixed pairing, the BS is assumed not to have any information on the BS-RN channel. As the RN-UE RBs are assigned using round robin scheduling, the mean average endto-end SNR and capacity of the occupied RBs are the same irrespective of the number of occupied RBs, i.e.,
with fixed pairing. On the other hand, with optimal pairing only the M best of all K BS-RN resource blocks are always used. Thus, the mean average end-to-end SNR and capacity of the occupied RBs are given bȳ
with optimal pairing. First, we evaluate the performance in a fully loaded system, i.e., with M = K and λ = 1. Fig. 3 and Fig. 4 illustrate the mean performance of all RBs (γ K ,γ * K ,C K andC * K ) along with the best and the worst individual RBs. In a fully loaded system, performance improvement due to optimal subcarrier pairing is rather small: The performance improvement seems to reach the maximum of 0.15 bps/Hz when the mean BS-RN and RN-UE resource block SNRs are balanced, i.e,γ SR ≈ γ RD . Nevertheless, the analytical results are in line with literature. For example, capacity improvements of approximately up to 0.7 bps/Hz [3, Fig. 1 ], 0.2 bps/Hz [5, Fig. 2] , 0.1 bps/Hz [8, Fig. 5 ] and 0.2-0.6 bps/Hz [9, Fig. 4 ] have been reported depending on the system setup.
In this paper, we assume that slow power control is employed for guaranteeing the same average SNRs for all RN-UE resource blocks. However, we expect that the benefit from subcarrier pairing would notably increase, if the average SNRs were not the same, because it would improve frequency 
The index of RB, k selectivity between RN-UE resource blocks.
To illustrate how pairing affects individual RBs in a fully loaded system, Fig. 5 and Fig. 6 . The UEs that get the worst RBs suffer instantaneously from the optimal pairing, and the UEs that get the best RBs benefit from it. However, the UEs are scheduled by round robin scheduler and they are equally probably assigned to the best, the worst or any RB. Thus the average performance over all occupied subcarriers is more meaningful performance criterion, and all UEs benefit from the optimal pairing in the long run.
The mean performance of occupied RBs (γ M ,γ * M ,C M andC * M ) in a partially loaded system is illustrated in Fig. 7 and Fig. 8 by varying the load factor λ. With fixed subcarrier pairing, the system load does not affect the mean performance an UE would observe. With optimal subcarrier pairing, only the best BS-RN RBs are assigned for the M users and, thus, the mean performance of occupied RBs increases significantly when the load decreases. Thus, the optimal pairing is especially beneficial in partially loaded systems.
Mitigation of the Effect of Subcarrier Puncturing
In this section, we study the performance of subcarrier pairing when some BS-RN subcarriers are punctured. By puncturing we mean that a subcarrier is rendered unusable due to interference or congestion which could arise in a multi-cell environment. We consider puncturing only in the BS-RN channel, because the round robin scheduler that assigns the RN-UE subcarriers avoids using any punctured RN-UE subcarrier.
Puncturing is modeled by assuming that the instantaneous BS-RN RBs are subject to be set at zero with probability δ. The mean performance of occupied RBs (γ M ,γ * M ,C M andC * M ) with varying puncturing probability is illustrated in Fig. 9 and Fig. 10 . With fixed pairing the system is not able to exploit the puncturing information and cannot avoid using punctured BS-RN RBs. Thus with any number of occupied RBs M , the (linear-scale) average end-to-end SNR and capacity decrease linearly with the puncturing probability δ.
On the other hand with optimal pairing, the system always uses only the M BS-RN RBs that are not punctured. Thus, puncturing decreases the total system throughput, but the mean performance of all occupied RBs is almost constant irrespective of puncturing probability δ. Only when δ is close to 1, performance decreases slightly, because then there are usually few non-punctured subcarriers to be paired.
Thus, we see that the optimal pairing strategy mitigates efficiently the effect of subcarrier puncturing, while the performance with fixed pairing decreases substantially when the puncturing probability is high.
CONCLUSION
We introduced an amplify-and-forward relay system for cellular OFDMA downlink communication. The relay pairs the BS-RN subcarriers with the RN-UE subcarriers by exploiting instantaneous channel state information. We compared fixed pairing strategy to optimal pairing strategy that maximizes the sum subcarrier capacity and the mean of end-to-end subcarrier SNRs by adapting to channel state information. The main contribution was to analyze the performance of the system by deriving closed-form expressions for average end-to-end SNR and capacity. The new expressions were then exploited for performance evaluation with example OFDMA parameters. In a fully loaded system, improvement due to channel-adaptive subcarrier pairing turned out to be small as earlier literature suggested. However, in a partially loaded system and with punctured subcarriers, the optimal subcarrier pairing strategy proved to be very beneficial. Thus, the most promising application for the relaying scheme is BS coverage area extension.
Interesting topics for future research include studying joint subcarrier power allocation and pairing and extending the analysis to a downlink transmission system with unequal average RN-UE SNRs. It is also worthwhile to evaluate the benefits of subcarrier pairing when using more sophisticated UE scheduling algorithms than round robin such as maximum SNR or proportionally fair scheduling.
APPENDIX: USEFUL INTEGRALS
In this appendix, we derive compact expressions for two integrals by means of the exponential integral [13, Eq. 5.1.4]
An integral required for calculating average end-to-end SNRs is given by 
An integral that is exploited for calculating capacities is expressed as 
where a, b are again real positive constants. This integral can be first simplified by partial integration. Then we change the integration variable to t = 
